Logarithmic decay of hyperbolic equations 
with arbitrary boundary damping 



Xiaoyu Fu* 



Abstract 

In this paper, we study the logarithmic stability for the hyperbolic equations by arbi- 
trary boundary observation. Based on Carleman estimate, we first prove an estimate 
of the resolvent operator of such equation. Then we prove the logarithmic stability 
estimate for the hyperbolic equations without any assumption on an observation sub- 
boundary. 
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1 Introduction and main result 

Let Q C R" be a bounded domain with boundary dfl of class C^. Denote by z/ = (z/i, ■ ■ ■ , z/„) 
the unit outward normal field along the boundary dfl, and f2 the closure of f2. For simplicity, 
in the sequel, we use the notation uj = where Xj is the j-th coordinate of a generic point 
) in R". In a similar manner, we use the notation wj, vj, etc. for the partial 
derivatives of w and v with respect to Xj. By c we denote the complex conjugate of c G(D. 
Throughout this paper, we will use C to denote a generic positive constant which may vary 
from line to line (unless otherwise stated). 
Let a^'=(-) e C^iU; R) be fixed satisfying 

a^'^ = a^'^(x) = a'=^ (x), V a; G H, j. A; = 1, 2, ■ ■ ■ , n, (1.1) 

and for some constant /? > 0, 

E a^\x)et>m\', v(x,OG^x(D^ (1.2) 
j,k=i 
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where ^ = {^^, ■ ■ ■ Define a formal differential operator V (associated with the matrix 
(«'''(-))nxn) as follows: 

V=± d,{a^%). 



j,k=i 



Fix a real valued function a(-) G C^{dfl; IR'*'). In what follows, we assume that 

To = {x e dQ; a(x) > 0} 0. 



(1.3) 



(1.4) 



The main purpose of this article is to study the logarithmic decay of the following hy- 
perbolic equations with a boundary damping term a{x)ut: 



Utt 

n 



Vu = 



j,k=\ 



in 1R+ X VL, 

on 11+ X \ To, 



;i.5) 



^ a''^UjVk + a{x)ut = on 11+ x Tq, 

{ {u{Q),Ut{Q))^{vP,u^) in a 

Very interesting logarithmic decay results were given in [4, 11] for the above system under the 
regularity assumption that a^^{-), a(-) and dO, are C°°-smooth ([11] considered the special 
case {a^^)nxn = the identity matrix). Note that, since the sub-boundary in which the 
damping a{x)ut is (uniformly) effective may be very "small" , the "geometric optics condition" 
introduced in [3] is not guaranteed for system (1.5), and therefore, in general, one can not 
expect exponential stability of this system. On the other hand, as pointed in [4, 11], for 
some special case of system (1.5), logarithmic stabihty is the best decay rate. 

Put H = if^(Q) X L^(Q). Define an unbounded operator A : H ^ H by (Recall that 



u 



_ dvP 
dx 



) 



DiA) ^ { 



/ 
V 



u 



n n 



j,k=i 



j,k=i 



ro 



(1.6) 



It is easy to show that A generates a group {e^'^jten on H. 
The main result of this paper is stated as follows: 

Theorem 1.1 Let a^'^(-) G C^{Tl; R) satisfy (1.1)-(1.2) and a(-) G C^{dVL] R+) satisfy 
(14). Then solutions e^^{u^,u^) = {u,Ut) G C(]R; D{A)) n C\Ii] H) of system (1.5) 
satisfy 



\H 



< 



c 



ln(2 + 1) 



V(m°,m^) &D{A), Wt>0. 



(1.7) 



Following [1] (sec also [4]), Theorem 1.1 is a consequence of the following resolvent esti- 
mate for operator A: 



Theorem 1.2 Under the assumptions in Theorem 1.1, there exists a constant C > such 

that 

iJifXe Sp(A) \ {0}, then 

g-C|ImA| 



a) if 



ReA < 



ReA e 



C 

-C|Im A| 



c 



-,0 



then 



\\iA-XI)-'\\ciH) < Ce^'''"^!, for |A| > 1. 



We shall develop an approach based on global Carleman estimate to prove Theorem 
1.2, which is the main novelty of this paper. Our approach, stimulated by [10] (see also 
[6, 8, 17, 18]), is different from that in [1], which instead employed the classical local Carleman 
estimate and therefore needs C°°-regularity for the data. 

It would be quite interesting to establish better decay rate (than logarithmic decay) for 
system (1.5) under further conditions (without geometric optics condition). There are some 
impressive results in this respect, say [2, 12, 13, 14] for polynomial decay of system (1.5) 
with special geometries. However, to the best of the author's knowledge, the full picture of 
this problem is still unclear. We refer to [5, 15, 19] for related works. 

The rest of this paper is organized as follows. In section 2, we collect some useful 
preliminary results which will be useful later. Another key preliminary, global Carleman 
estimate for elliptic equations without inhomogeneous boundary condition, is established in 
section 3. Sections 4-5 are addressed to the proof of our main results. 



2 Some preliminaries 



In this section, we collect some preliminaries which will be used in the sequel. 

To begin with, we recall the following result (which is an easy consequence of known 
result in [9, 16], for example). 

Lemma 2.1 There exists a function ip e C^(Q) such that 



> 



in Q, 



(2.1) 



j,k=i 



Next, for n G IN, we denote by 0{ijl^) a function of order for large /x (which is 
independent of A); by 0^(A") a function of order A" for fixed and for large A. We now 
show the following pointwise estimate, which is a consequence of [8, Theorem 2.1] (see also 
[7]). 
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Lemma 2.2 Let a^^ e C2(Ri+"; R) satisfying (1.1). Assume z e (7^(11^+"; (D), * e 



Then 



where 



e\ V 



dz, ^ = -24, - 2 {a^Hj)k. 

j,k=i 



j,k=i 



n n 



j,k=i 



j,k=i 



(2.2) 



(2.3) 



(2.4) 



j,fe=i j,fe=i 

n n 

M = 24(k.|' - E a'%'>^k) + 2 E + VsVj) 

j,k=l j=l 

--^{vsv + Vsv) + {2Als + *.)kr> 

n 

Vk= E { ~ '^a^^(-j\vs\^ + 2a^''is{vjVs + VjvJ - ^'a^'^(vjl; + Vjv) 

j,j',k'=l 

+ (2a^'='a^''= - a^'=a^''=')£j(7;j/^;fc/ + vyVk^) + a^'^(2A£j- + - 2a£/t)|v|^}, 
j',k'=i 

n n 

B^Yl («''*fe),- + 2(A4). + 2 ^ (Aa^%)fe + 2A*. 

j,k=l j,k=l 

In particular, for any function ip e C^{WV''^'^; R) satisfying ipgj — (j—1,. • -jraj, anc? any 
X, II > 1, choosing the function i{s, x) to be 



A0, = e^^ 



(2.5) 



then 



n n 

Left hand side of (2.3) > 2[A/xV E + A0O(/x)] + ^ a^^^v^^fc) 



j,k=i 



(2.6) 



+2 



j,k=l 



Proof. Using Theorem 2.1 in [8] with m — 1 + n, and 



t — s, {a 



1 

ifl^^^nxn 



By a direct calculation, we obtain (2.3). 

On the other hand, by (2.5) and note that V'sj = (j = 1, . . . , n), it is easy to check that 



(2.7) 



Next, recalling the definition of d''^ in (2.4), by (2.7) and note that a^'^ satisfies (1.1), we 
have 



j,k=l 



^ + 4 ^ a^''ijs{VkVs + VkVs) + '^''i'^kVj + VkVj) 

j,k=l j,k=l 



n n 



VkVs 



j,k=l 
2 



j,k=l 



+4A/^2| E a^%Vk\ +2{A/xV[ E a^%ipk + I'lpsl^] +A0O(/x)} ^ a-"^VkVj 



j,k=l j,k=l 

n ^ n 

^ 4:Xfj,^(f)ipsVs+ J2 ci^^^jVk +4A/x2| E a-^^'^^jVk 



j,k=i 



(2.8) 



j,k=i 



n 



+ 



j,k=i 



j,k=i 

n 

j,k=i 



> 2 



A//20 E a^%^, + Xcl>0{pi)]{\v,\'+ E a^Svk). 

j,k=l j,k=l 



Further, by (2.7) and recalling (2.4) and (2.2) for the definition of A and ^, respectively, we 
have 



+ E a^%ipk]+X(pO{ii), 



j,k=i 



(2.9) 



A = (AV'0' + A//V) [iV'.r + E «''V'iV'fc] + A0O(//). 
Therefore, by (2.4), and note that a^^ satisfies (1.2), we have 

B =2AV0'| E «'V,^*= + |^.r| +AV'0(K^) + 0^(A2) 



(2.10) 



> 2A-VV'| E ^''^jV-A 



+ AVO(/x^) + 0^(A^). 



Combining (2.3), (2.8) and (2.10), we arrive at the desired result (2.6). 
Finally, similar to [17, Lemma 3.3], we have the following result. 
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Lemma 2.3 Let a^^ e C^{Q) satisfy (1.1), and g = {g^, • • • , : Rt x ^ &e a vector 
field of class . Then for any w e (7^(11* x R^; (D), we have 



E 

k=l 



{g ■ Vw) ^ a>''wj + {g ■ Vw) ^ a^'%j - 

J=l 3=1 



n 
i,l=l 



g-Vw- \ wss+ E {(^^^3)k I 5' ■ Vw 



+(u'sCj' • + u'sS' • Vu')s - {wsgs ■ Vw + Wsg • Vw) 

n Q I n 

+ (V • g)\ws\^ - 2 E a'^WjWi^ + J] w.WfeV • {a'^g). 

j,k,l=l 3,k=l 

Proof. On the one hand, we have 



(2.11) 



Wssg ■ Vw + Wssg ■ Vw 



{wsg ■ Vw + Wsg ■ 'Vw)s — {wggs • Vw + Wsg ■ Vw) 



-E(5'Kn. + (v-^)| 



3=1 



On the other hand, by (1.1), we have 



J2 {a'''wj)kg • V«; + ^ {a^''wj)kg ■ Vw 



^ [a^'^wjg ■ Ww + a^^Wjg ■ V 

j,k=i 



w 



o ^ ik dg' 



(2.12) 



(2.13) 



j,k,l=l j,k=l 

Combining (2.12)-(2.13), we get the desired result. 



3 Global Carleman estimate for elliptic equations 
without inhomogeneous boundary condition 

In this section, we shall derive a global Carleman estimate for elliptic equations with non- 
homogeneous and complex Neumann-like boundary condition. 
Denote 



X ^ {-2,2) xfl, ^ = {-2,2)xdn, Y = {-l,l)xn, Z=(-2,2)xr, 



0- 
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Let us consider the following elliptic equation: 



j,k=l 

n 

j,k=i 



in (-2,2) X n, 

on (-2, 2)xdn\ To, 



(3.1) 



E o-^^ZjVk — ia{x)zs — a{x)z^ on (—2, 2) x Fq. 



We now show the following Carleman estimate. 

Theorem 3.1 Under the assumptions in Theorem 1.1, there exists a constant C > such 
that, for any £ > 0, any solution z e C((-2,2); H^{0,)) nC^((-2,2); L'^{0.)) of system 
(3.1) satisfies 



\z\\m(Y) < Ce^' 



k°||L2(x) + ||2;"^||i,2(s) + ||^||l2(z) + ||2;s||l2(z) 



+Ce-^^'\\z\\Hi 



(3.2) 



Remark 3.1 For the general case ofte (71, T2) with Ti, T2 e R. By setting s — t — 
one deduces that 

^ ( \ /\T2-Ti 
s e (— cc, ccj, q; = . 

Then by scaling, one need consider only the case of (3.1). 
Proof. We divide the proof into several steps. 

Step 1. Note that there is no boundary condition for 2; at s = ±2. Therefore, we need to 
introduce a cut-off function (/? = (/?(s) e C^(— 6, h) C (7^(11) such that 



< i^{s) < 1 \s\< b, 
ip{s) = 1, \s\ < 60, 

where 60 a-nd b (satisfying 1 < 60 < ^ < 2) will be given later. Put 

z = ipz. 

Then, noting that (p does not depend on x, by (3.1), it follows 



(3.3) 



(3.4) 



in (-2,2) X fl, 
on (-2, 2)xdn\ To, 



Zss + E i^^''^j)k ^ ^ssZ + 2ipsZs + (fZ^ 
j,k=l 

n 

E a^^ZjVk = 

n 

E oP^ZjVk — ia{x)zs — —ia{x)(psZ + a{x)ipz^ on (—2, 2) x Fq. 
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(3.5) 



Step 2. Put 



A 



1 + - In 



{2 + 6/^)6 



bo = 



62 - - In 



(1 g//^gll'/'lli°°(n) 



where > ln2, ■^(a;) e C2(f]) is given by Lemma 2.1. It is easy to see that 



Put 



■0 = ^jJ{s, x) 



l<bo<b<2. 



+ b^-s^ 



|L°°(f2) 



It is easy to check that 

•) ^ 2 + e^, for any s satisfying |s| < 1, 
0(5, •) ^ 1 + satisfying bo < \s\ < b. 

On the other hand, by (3.8) and Lemma 2.1, we find 

h ^ iwi = -jj^ — |vvi(x)| > 0, in n. 

Next, recalhng that a^'' satisfying (1.2) and by (3.10), we conclude that there exists a 
/^o > 1, for any fi > fio, there exists Ao(Ai) > 1 such that for any A > Ai, it holds 

The right hand side of (2.6) 

n n n 

> A/xV E a^%i^k{\vs\' + E a^Vfc) + AVV'I E (^''Mk 

j,k=l j,k=l j,k=l 



(3.6) 

(3.7) 
(3.8) 

(3.9) 

(3.10) 



(3.11) 



> Xii^(3h^(p[\v, 



r + E a^' Vfc) + AV/3'/i' 
j,k=i 



4^3,^|2_ 



Now, integrating inequality (2.6) (with u replaced by z) in (—6, b) x Q, recalling that (p 
vanishes near s — ±6, and by (3.5) and (3.11), one arrives at 



A/x" / / 0(|Vi;|" + \v,\'')dxds + AV 



b Jn 



/,3l,|2 



v\ dxds 



b J^l 



< c 



\ / 9^\(pssZ + 2ipsZs + ^z'^l'^dxds + / / V-udxdsl. 

J-b Jn J-b JdCl ' 



(3.12) 



Recalhng that v — 9z, by (2.7), we get 



0\\Vz\' + X'^^'(f'\z\') < IVt^l' + AV0>l' < ce'\\vz\^ + aV^'I-s"' 



c 



(3.13) 



Therefore, by (3.12) and (3.13), we end up with 

t I e^{\Vz\^ + \zs\'')dxds + \^^i^ t [ e^(j)^\zfdxds 

J-b Jo, J-bJn 

< C( / / 9^\ipssZ + '2<fsZs + 'fiz^l'^dxds + [ [ V-vdxds^. 

J-b Jan ' 



(3.14) 



Step 3. We now estimate / [ V ■ vdxds. By (2.4) and nothing that v — 9z, it follows 

J-b JdCl 

/ V ■ vdxds = / / Vk^kdxds 
J-b Jan J-b Jdci 

= E // {-2a^'ijiyk\vs\^ + 2esa^'iyk{vjVs + VjVs)--^a^''iyk{vjV+ (^-l^) 

j,k,j',k'=l ^ 

+ (2a^'''a^''' - a^^a^'^')tj{yj,Vk' + Vj'Vk>)vk + a^''vk{2Alj + - 2atjtt)\v\^]dxds. 



Note that, by (2.1) and (2.7), we know that 

j,k=i j,k=i WWUL'^in) j,k=i 

Hence, recalling that v = 9z, we have 



E ci^%^k > 0, on dn \ To. (3.16) 



Y I I a^''£ii^k\vs\'^dxds < CXa / / . 
J-b Jan J-b Jvo 



(f)\vs\'^dxdt 



(3.17) 



< Ce 



c\ 



bJTo 



\zs\'^ + \z\'^)dxds. 



E 



b Jan 

n »b 



Next, using v — 9z again, noting that z vanishes near s — ±6, by (1.4) and (3.5), we have 

^ pb r 

sa-''^Uk{vjVs + VjVs)dxds — X! / / '^o-^^^ki'^j^ -\-Vjv)dxds 

j,k=i ''-^ •'^^ 

— Yj j j 9'^^sOp^'>^k{ZjZs + ZjZs)dxds 

5)2(^2 _ 'i^^(jjky^(J.2 _^ Zjz)dxds 

6'^isa-''^ijiyk{zZs + zzs)dxds 

+2y r [ eHii - m)a^H,vk\z?dxds ^^-^^^ 

.j^, J-b J an 



j,k=i ■ 

+ E 

j,k=i 

n ^f, 

+ E 

j,k=i 



b Jan 



b Jan 

n „5 



bJTo 



a{x)9^is iips{zsZ — Zgz) + '^{zgZ^ + ZgZ^) 



dxds 



bJFo 
n »5 



a{x)9'^{il - ^) i{zsZ - Zsz) + if{z^z + z^i) 



dxds 



+ E/ / {0'^^,a^''^jJ^k\z\'^)sdxds - Y J J 9\iss + 2^)a^''ijUk\z\'^dxds 



< Ce 



cx 



bJFo 



+\Vsz\ + I )dxds + / / 1^1 dxds 



b Jan 



E 

j,k,j',k'=l 



Further, by (3.16), and noting that v — 9z, we get 

/ {20?^' a?' ^ — a^^a^'^'^lj{vjiVk' + VfVk')i'kdxds 

^ / / a^^ljVkO'^'^' {vjiVk' + VjiVk')dxds 

<Ce^^ t ( y \a^^Lj'k + a^^ldk\z\ 
J-b Jdn\ro ^ ' 



(3.19) 



dxds. 



Combining (3.15), (3.17)- (3.19), we obtain 



6 JdO. 



V ■ vdxds < Ce^^ \ / / (|is|^ + \ipsz\^ + \(pz^\^)dxds 



b 



+ 



dn\ro 



\Vzfdxds 



z\ dxds 



b Jdn 



(3.20) 



Step 4- Let us estimate / / Izl'^dxds and / / I'Vzl'^dxds. 

J-b Jdn J-b Jdn\ro 

Firstly, by trace theory and Poincare inequahty, noting that z vanishes near s — ±6, we 

have 

dxds < C r / (|ip + \Vzf)dxds <C t [ {%\^ + \Vzf)dxds. (3.21) 



b Jan 



-b Jn 



b Jn 



Next, we choose a,g E C^{fl; H) such that g — u on dO,. Integrating (2.11) (in Lemma 2.3) 
in (—6, b) X fl, with w replaced by z, using integrating by parts, and noting z{—b) — z{b) — 0, 
by (3.5) and using Poincare inequality, we have 



-E 

k=l 



n .1, 



b Jan 



{g ■ Vz) a^^ZjUk + {g ■ V5) d^^z^Uk 



dxds 



+ 



rb 

i-b Jn 

rb 
-b Jn 



j,k=l j,k=l 

^sQs ■ V5 + Zgg ■ Vz)dxds 



dxds 



(3.22) 



+ 

< C 

< c 



b Jn 



(V -(7)15.1' -2 E a^'z,zi^+ Yl z,ZkV-{a^'g) 

k j,k=l 



j,k,l=l 



dxds 



b Jn 



\ipssZ + 2(psZs + (fiZ^l"^ + \Zs\'^ + I 



dxds 



b Jn 



z''\' + \zs\^ + \Vz\^)dxds. 
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By (1.2), (3.5) and (3.22), we have 



b JdQ. 



{\zs\^ + l3\Vz\'^)dxds < 



-h JdQ 



<c (\zsr + \vz\' + \z"ndxds 

J-bJn 



/ / a{x) {g ■ 'Vz){iZs — i(psZ + (fz^) + {g ■ 'Vz){—iZs + i(psZ + (fiz^) dxds (3.23) 

J-b Jrn 



bJTo 

<C [' [ {\zs\^ + \Vz\^ + \z''\^)dxds 
J-b Jn 



+5 [ [ \Vz\'^dxds + C(6) [ [ (lipszl'^ + \zs\'^ + \(pz^\'^)dxds 

J-b JVo J-b JTo 



'To 

where < 5 < P is small, then 

r / ivzi^dxds 

J-b Jdn\ro 

b 



< C 



-b Jn 



ilzsl' + \Vz\' +\z"\')dxds 



(3.24) 



-bJTo 



{\zf + \zs\ + \z^\^)dxds 



Finally, by multiplying z and z on the first equation of (3.5), respectively, using integrat- 
ing by parts, by (1.2) and using Poincare inequality, we get 

2 r / i\zs\^ + PNz\^)dxds 
J-b Jn 

< j j (2\zs\'^+ a^^{zjTk + TjZk))dxds 

= ^ J j (^za^'^ZjUk + za^'^ZjUkjdxds — j j (p{z^z + ^z)dxds 



(3.25) 



< C 



bJFo 



(|ip + \zs\^ + \z^\^)dxds 



+ 



1 r 



t^l'^dxds + e* 



J-bJn 



\z\ dxds 



-b Jn 



< C 



-bJTo 

1 fb 



\z\ + \zs\ + \z I )dxds 



H — / / \z^?dxds + Ce* [ [ Izgl'^dxds. 
e* J-b Jn J-b Jn 



Taking s* — ^ small enough, and combining (3.21), (3.24) and (3.25), we get 



\z\ dxds + 



b Jan 



iVil dxds 



b Jdn\ro 



< C 



bJTo 



{\zf + \zsf + \z^f)dxds + 



(3.26) 



Iz^l^dxds 



-b Jn 
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By (3.20) and (3.26), and noting that z — ipz, we obtain 



/7 

J-b Jan 



V ■ vdxds 



< Ce 



c\ 



(3.27) 



z°\'^dxds+ / {\z\'^ + \zs\'^ + \z^\'^)dxds 

b Jn ' J-b JTo 



Step 5. Combing (3.14), (3.24) and (3.27), we end up with 

A//^ t [ e^(l){\Vz\^ + \zs\^)dxds + X^pl'^ t I e^(j)^\z\^dxds 

J-bJci J-bJn 

<C [ [ e'^(j)^\(pssZ + 2(psZs + (pz^\^dxds 
J-b Jn 



(3.28) 



-Ce 



cx 



z^\^dxdt+ / i\z\'^ + \zs? + \z^?)dxds 

bJn' J-bJVo 



Denote cq = 2 + > 1, and recall (3.6) for bo e (1, b). Fixing the parameter in (3.28), 
using (3.3) and (3.9), one finds 

Xe''^'° /'i X^l^^l' + l^^l' + \^\^)dxds 

< Ce^^{ J^Jjz''\^dxds + J^J^Jz'\^dxds + J^J^ {\z\^ + \zs\^)dxds} (3.29) 
J{-b-bo)[j{bo,b) Jn 

From (3.29), one concludes that there exists an £2 > such that the desired inequality (3.2) 
holds for e G (0,52], which, in turn, implies that it holds for any e > 0. This completes the 
proof of Theorem 3.1. □ 



4 Proof of Theorem 1.2 

In this section, we will prove the existence and the estimate of the norm of the resolvent 
{A - XI)-^ when ReA e [ - e-^|i°^^l/C,o" . 

Proof. We divide the proof into two steps. 

Step 1. First, let / = (/°,/^) e H, and u = {vP,u^) e D{A) with the boundary 

n n 

condition ^ a^^vP^fk = 0' ( oP^''^]^k + av}^ _ = 0. 

j,k=l j,k=l 

Then, the following equation 

{A-XI)u = f 



To 



(4.1) 



is equivalent to 



-Xu' + u' = f, 

n 

j,k=i 
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(4.2) 



Hence, by substituting by w° in the second equation of (4.2) and with the boundary 
condition, we have 



j,k=i 



on dfl \ To, 



j,k=i 



a^'^u^Vk + aXu^ = -a/° on Tq, 

j,k=i 

[ = f + Am° in O. 



Put 



It is easy check that v satisfying the following equation: 



+ E = (Xf + f)e''' in R X O, 



j,k=i 

n 

j,k=l 

n 



on R X \ To, 
on 11 X Fq. 



Step 2. By (4.4) and Remark 3.1, we have the following estimates. 

^^|i/i(x)<C(|A| + l)e^l^-^l|ti%i(n), 
Now, we apply v to Theorem 3.1, and combining (4.6), we have 

On the other hand, we multiplier (4.2) by if, integrate it on fl, we get 
/ f - E (a^'«°)fc + AV) -u^x 

3,k=\ ■'^ j,k=l •'^ 

J2 J a'S°H°(ix + J {aXu^^ + af)Tfdx. 



- \2|„,0|2 , 

— 1^ Il2(Q) + 



(4.3) 



(4.4) 



(4.5) 



(4.6) 



(4.7) 



(4.8) 
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By taking the imaginary part, we find, 



llmAI / alu^l'^dx 
Jan 



< 



i,fc=i 

+2|Im A||ReA||M°|i2(n) + C\f\L2^da)\V^y'\2^9n) 
< c[\{Xf + f)\mn)\u\2(^a) + |ImA||ReA||ii°|i.(f,) + \f\m(n)\u''\m(n) 
Hence, combining (4.7) and (4.9), we have 

\u'\m(n) < Ce^"'"-"[|/Vi(n) + Ifli^n) + \lmX\\ReX\\u\i^a) 
Therefore, we take 



(4.9) 



(4.10) 



Ce^l^'"^l|ImA||Re| < -, 

I M 1-2' 

which holds, as soon as |ReA| < -e^°l^'"^l/Co for some Co > 0. Then, we have 

|«Vi(n) < Ce^'^°^^l(|/%i(n) + IflL^ia)). (4.11) 
Recalling that — f'^ + Xu^, we have 

L2(f2)). (4-12) 

By (4.11)-(4.12), we know that A — XI is injective. Thus A — XI is bi-injective from D{A) 
to H. And moreover, 

\\{A - Xir'\\ciH,H) < Ce^l'^'^l, ReA e (-e^l^-^l/C, 0), |A| > 1. 
This completes the proof of Theorem 1.2. □ 



5 Proof of Theorem 1.1 

In this section, we adapt the proof of [1, Theoreme 3] (and also the proof of [4, Theorem 3] 
on semigroups). 

Proof of Theorem 1.1. By taking xi — X2 — I,A — iB and A; = 2 in [1, Theoreme 3], we 
have 



< 



C 



{I-Af H - Un(2 + t) 



\u\\h, 



that is 



\e'\\\H< 



C 



By definition, D{A) is the interpolate space between D{A^) — H and D{A^). Since 



e*^M||f7 < C\\u\ 



H- 



(5.1) 
(5.2) 

(5.3) 



Then, combining (5.2)-(5.3), by applying interpolation theorem, we get the desired result. 
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